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This paper deals with a one-dimensional parabolic cross-diﬀusion system describing
two-species models. The system under consideration is strongly coupled and the
coeﬃcients of the equations are allowed to be discontinuous. The existence and
uniqueness of nonnegative global solutions are given when one of the
cross-diﬀusion pressures is zero. Our approach to the problem is by an approximation
method and various estimates.
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1 Introduction
In the previous work [], we presented a parabolic cross-diﬀusion system describing two-
species models on a bounded domain with diﬀerent natural conditions, and studied the
corresponding steady-state problem, an elliptic cross-diﬀusion system. In this paper, we
deal with this parabolic cross-diﬀusion system for the one-dimensional case under the
homogeneous Neumann boundary conditions.
Assume that (, l) is partitioned into two intervals I() := (, l) and I() := (l, l) separated
by x = l, and the natural conditions of I(i) are diﬀerent. For any T > , set
QT := (, l)× (,T],
Q(i)T := I(i) × (,T], i = , ,
ST :=
{
(x, t) : x =  or l, t ∈ [,T]},
T :=
{
(x, t) : x = l, t ∈ [,T]
}
.
Let u = u(x, t), v = v(x, t) be the population densities of the two species. Assume that the
species share the same habitat, the interval [, l], and that for each species, the density and
the ﬂux of the density are all continuous across the inner boundary T . According to [],
when the cross-diﬀusion pressure for the second species is zero, u, v are governed by the
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ut = [k(x)(( + βu + γ v)u)x]x + uf(x,u, v) ((x, t) ∈Q(i)T ), i = , ,
vt = [k(x)(( + δv)v)x]x + vf(x,u, v) ((x, t) ∈Q(i)T ), i = , ,
u–(l, t) = u+(l, t), v–(l, t) = v+(l, t) (t ∈ [,T]),
[k(x)(( + βu + γ v)u)x]–(l, t) = [k(x)(( + βu + γ v)u)x]+(l, t) (t ∈ (,T]),
[k(x)(( + δv)v)x]–(l, t) = [k(x)(( + δv)v)x]+(l, t) (t ∈ (,T]),
ux = vx =  ((x, t) ∈ ST ),
u(x, ) = u(x), v(x, ) = v(x) (x ∈ (, l)),
(.)
where ut := ∂u/∂t, ux := ∂u/∂x, u–(l, t) and u+(l, t) represent the limits of u from left and
right for the space variable, respectively,
fj(x,u, v) :=
{
fj,(u, v) (x ∈ I()),
fj,(u, v) (x ∈ I()), kj(x) :=
{
kj, (x ∈ I()),
kj, (x ∈ I()),
kj, and kj, (j = , ) are positive constants, and β , γ and δ are nonnegative constants. In
(.), k(x) and k(x) are the diﬀusion rates, βk(x) and δk(x) are the self-diﬀusion rates,
and γ k(x) is cross-diﬀusion rate (see []).
In  Shigesada et al. [] proposed a mathematical model with cross-diﬀusion to in-
vestigate the spatial segregation phenomena of two competing species under inter- and
intra-species population pressures. It is a strongly coupled quasilinear parabolic system.
Over the past  years, quasilinear elliptic and parabolic systemswith cross-diﬀusion have
been treated extensively in the literature both in theory and in applications, and most of
the treatments are for systems with continuous coeﬃcients (see [–] and the references
therein). In [], by Schauder’s ﬁxed point theorem, we discussed the existence of nonneg-
ative solutions for the elliptic system with cross-diﬀusion and discontinuous coeﬃcients.
In this paper, problem (.) is a strongly coupled parabolic system with cross-diﬀusion. In
addition, the diﬀusion rates, self-diﬀusion rates, cross-diﬀusion rates and reaction func-
tions are all allowed to be discontinuous. Based on the result of Lou et al. [] for a parabolic
system with continuous coeﬃcients, we shall use approximation method and various es-
timates to show the existence and uniqueness of global solutions for problem (.).
The paper is organized as follows. In the next section we introduce the notations, hy-
potheses, and main result. In Section  we construct an approximation problem of (.)
and establish the uniform estimates of solutions for the approximation problem. Section 
is devoted to the existence and uniqueness of solutions for problem (.).
2 The notations, hypotheses, andmain result
For any set S, S¯ denotes the closure of S. The symbol I ′ ⊂⊂ I means that I and I ′ are open
intervals and I¯ ′ is a subset of I . Denote










, ‖u‖Ls(QT ) := ‖u‖Ls,s(QT ),
where s, r ≥ .W , (QT ) andW , (QT ) are the Hilbert spaces with scalar products
(u, v)W , (QT ) =
∫ ∫
QT
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respectively. V(QT ) is the Banach space consisting of all elements of W , (QT ) having a
ﬁnite norm
‖u‖V(QT ) := sup
t∈[,T]
∥∥u(·, t)∥∥L(,l) + ‖ux‖L(QT ).
We let
W r (, l) :=
{
u = u(x) : u,ux ∈ Lr(, l)
}
equipped with the norm
‖u‖W r (,l) := ‖u‖Lr (,l) + ‖ux‖Lr (,l).
Deﬁnition . A nonnegative vector function (u, v) is called a solution of (.) if (u, v)
possesses the following properties:
(i) For any T > , u, v ∈W ,(QT )∩C,(Q(i)T ), i = , . For any I ′ ⊂⊂ (, l), there exists
α′ ∈ (, ), such that u, v ∈ Cα′ (I¯ ′ × [,T]). For any ﬁxed i ∈ {, } and for any
I ′′ ⊂⊂ I(i), τ ∈ (,T), there exists α′′ ∈ (, ), such that
u, v ∈ C+α′′ ,+α′′/(I¯ ′′ × [τ ,T]).
(ii) For any I ′ ⊂⊂ (, l) and τ ∈ (,T), there exists α¯′ ∈ (, ), such that
ut , vt ∈ Cα¯′ (I¯ ′ × [τ ,T]) and ux, vx ∈ Cα¯′ ((I¯ ′ ∩ I¯(i))× [τ ,T]), i = , .
(iii) (u, v) satisﬁes pointwise the equations in (.) on Q(i)T (i = , ), the initial conditions
on {(x, t) : x ∈ (, l), t = } and the inner boundary conditions on T , and satisﬁes
the homogeneous Neumann boundary conditions on ST for almost all t.
We see from property (ii) in Deﬁnition . that if (u, v) is a solution of (.), then ux,
vx are Hölder continuous up to the inner boundary T , and ut , vt are Hölder continuous
across T .
Throughout the paper we make the following hypotheses on the various functions in
(.):
(H) For each j, i = , , fj,i(u, v) ∈ C(R+), where R+ := [,+∞). There exist positive
constants d, d¯, e, d, e, e¯, such that, for any u, v≥ ,
{
–d ≤ ∂f,i(u,v)∂u ≤ –d¯, –e ≤ ∂f,i∂v ≤ ,
–d ≤ ∂f,i(u,v)∂u ≤ , –e ≤ ∂f,i∂v ≤ –e¯.
(.)
Assume that u = u(x), v = v(x) possess the properties
{
u(x), v(x) ∈W r (, l)∩C((, l])∩C([l, l)) for some r > ,
u(x), v(x)≥  for x ∈ [, l], (.)
and satisfy the compatibility conditions
{
[k(x)(( + βu + γ v)u)x]–(l) = [k(x)(( + βu + γ v)u)x]+(l),
[k(x)(( + δv)v)x]–(l) = [k(x)(( + δv)v)x]+(l).
(.)
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From (.) it follows that u(x), v(x) ∈ C/([, l]).
The main result of this paper is the following theorem.
Theorem . Let hypothesis (H) hold. Then problem (.) has a unique solution (u, v).
SinceT is an arbitrary positive number, the solution (u, v) given byTheorem. is global.
3 An approximation problem of (1.1)
In order to show the existence and uniqueness of solutions for problem (.), in this section
we shall construct an approximation problem and establish the uniform estimates of its
solutions.
3.1 The global solution for the approximation problem
To construct an approximation problem of (.), we ﬁrst construct some approximation
functions. For an arbitrary ε > , let ζε = ζε(x) a smooth function with values between 
and , such that ζε =  for x≤ l, ζε =  for x≥ l + ε and |ζεx| ≤ C/ε for all x ∈R. For each
j = , , deﬁne
{
kjε(x) := ζε(x)kj, + ( – ζε(x))kj, (x ∈ [, l]),
fjε(x,u, v) := ζε(x)fj,(u, v) + ( – ζε(x))fj,(u, v) ((x,u, v) ∈ [, l]×R+).
(.)
Then (.) in hypothesis (H) implies that, for all (x,u, v) ∈ [, l]×R+,
μ := minj,m=,kj,m ≤ kjε(x)≤ μ := maxj,m=,kj,m, (.)
{
–d ≤ ∂fε(x,u,v)∂u ≤ –d¯, –e ≤ ∂fε∂v ≤ ,




mini=, f,i(, ) – du – ev≤ fε(x,u, v)≤ maxi=, f,i(, ) – d¯u,
mini=, f,i(, ) – du – ev≤ fε(x,u, v)≤ maxi=, f,i(, ) – e¯v.
(.)




ut = [kε(x)(( + βu + γ v)u)x]x + ufε(x,u, v) ((x, t) ∈QT ),
vt = [kε(x)(( + δv)v)x]x + vfε(x,u, v) ((x, t) ∈QT ),
ux = vx =  ((x, t) ∈ ST ),
u(x, ) = u(x), v(x, ) = v(x) (x ∈ (, l)).
(.)
Proposition . Let hypothesis (H) be satisﬁed. Then problem (.) has a unique non-
negative global solution (uε , vε) = (uε(x, t),uε(x, t)) satisfying uε(·, t), vε(·, t) ∈ C([,∞),
W r (, l))∩C∞((,∞),C∞(, l)).
Proof By (.) and (.), and by a minor modiﬁcation, we can use the arguments in [] to
prove this proposition. The detailed proofs are omitted here. 
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3.2 Uniform estimates of maxQT uε , maxQT vε
In order to investigate the limit of vector sequence {(uε , vε)} governed by (.), in the rest
of this sections we derive some uniform estimates of uε , vε . We shall use the following
relations several times:
(
( + βεuε + γ vε)uε
)




x = ( + δvε)vεx.
For notational simplicity, we shall use α′, α′′, α¯, C, C and C(· · · ) to denote constants
depending only on T , β , γ , δ, kj,m, fj,m(, ), dj, ej (j,m = , ), d¯, e¯, ‖u‖W r (,l), ‖v‖W r (,l)
and the quantities appearing in parentheses, independent of ε. The same letter C will be
used to denote diﬀerent constants depending on the same set of arguments.
Lemma . We have
max
Q¯T













L(,l) + ‖uε‖L(QT ) ≤ C, (.)
‖vε‖V(QT ) ≤ C. (.)
Proof By using the maximum principle (see []) and (.)-(.), the proofs similar to
those of Lemmas ., ., . in [] imply (.)-(.). 





L(,l) + ‖vεt‖L(QT ) ≤ C, (.)
‖vεx‖L(QT ) + ‖vεx‖L∞,(QT ) ≤ C. (.)
Proof Let wε = ( + δvε)vε . Then
wεt = ( + δvε)vεt , wεx = ( + δvε)vεx, (.)
and









Recall that vε(·, t) ∈ C([,∞),W r (, l)) ∩ C∞((,∞),C∞(, l)). Multiplying (.) by
(kε(x)wεx)x, integrating it over Qt and then using (.), (.), (.), and Cauchy’s inequal-























xvεfε(x,uε , vε) dxdt



































+ ‖wεt‖L(QT ) ≤ C. (.)





and from Chapter II, equation (.) in [] that
‖wεx‖L(QT ) + ‖wεx‖L∞,(QT ) ≤ C.
Combining this inequality and (.) leads us to estimate (.). 
Based on Lemma ., let us estimate maxQT uε .






Proof Choose σˆ > max{maxx∈[,l] u(x), }, and let
Aσ (t) :=
{
x : uε > σ ,x ∈ [, l]
}
, u(σ )ε := max{uε – σ ; }, σ ≥ σˆ .
Multiplying the ﬁrst equation of (.) by u(σ )ε and then integrating by parts over Qt , we
















































(uε – σ ) + σ 
]
dxdt.




≤ C∥∥D(x, t)∥∥Ls¯,r¯ (Qt (σ ))




for s¯ = r¯ = , where D(x, t) := vεx + , Qt (σ ) := {(x, t) : x ∈ Aσ (t), t ∈ (, t]}. Thus /r¯ +
/(s¯) =  – χ for χ = /. In view of (.), we ﬁnd that (.) has the same property
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as [], Chapter III, equation (.). By using Chapter II, Theorem . and Remark . in
[], the proof similar to that of Chapter III, equation (.) in [] leads to (.). 
3.3 Uniform Hölder estimates
In this subsection, we establish uniform Hölder estimates of uε , vε and their derivatives.
Lemma . For any open interval I ′ ⊂⊂ (, l), there exists α′ = α′(d′) ∈ (, ) such that





Here and below, d′ := min{dist(, I ′),dist(l, I ′)}.
Proof It is obvious that uε is a bounded generalized solution of equation ut–(a¯ε(x, t,ux))x+
aε(x, t) =  and vε is a bounded generalized solution of equation vt–(b¯ε(x, t, vx))x+bε(x, t) =
 in the sense of Chapter V, Section  in [], where
a¯ε(x, t,p) = kε(x)
[
 + βuε(x, t) + γ vε(x, t)
]
p + kε(x)γ vεx(x, t)uε(x, t),
aε(x, t) = –uε(x, t)fε
(
x,uε(x, t), vε(x, t)
)
,
b¯ε(x, t,q) = kε(x)
(
 + δvε(x, t)
)
q,
bε(x, t) = –vε(x, t)fε
(
x,uε(x, t), vε(x, t)
)
.
By (.), (.), and (.), we get
a¯ε(x, t,p)p≥ μ p
 –Cϕ(x, t),
∣∣a¯ε(x, t,p)
∣∣ ≤ C|p| +Cϕ(x, t)
(











∣∣ ≤ C ((x, t) ∈QT
)
,
where ϕ(x, t) := vεx(x, t) and ϕ(x, t) := |vεx(x, t)|. Choosing s = r = , we ﬁnd from (.)
that
‖ϕ‖Ls,r (QT ) ≤ C, ‖ϕ‖Ls,r(QT ) ≤ C.
In view of u(x), v(x) ∈ C/([, l]), by employing Chapter V, Section , Theorem . in
[], we obtain (.). 
We next give the Hölder estimates of derivatives.
Lemma . For any ﬁxed i ∈ {, } and for any I ′′ ⊂⊂ I(i), τ ∈ (,T), there exists α′′ =
α′′(d′′, τ ) ∈ (, ) such that





Hereafter, d′′ := dist(∂I(i), I ′′).
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Proof Choose open intervals I ′′j and positive numbers τj, j = , . . . , , such that I ′′ ⊂⊂
I ′′ ⊂⊂ · · · ⊂⊂ I ′′ ⊂⊂ I(i) and τ < · · · < τ < τ . By (.), for small enough ε, we have
kjε(x) = kj,i, fjε(x,u, v) = fj,i(u, v)
(
x ∈ I ′′
)
, j = , .
We ﬁrst derive uniform Hölder estimates of derivatives of vε . Set





Then vε is a solution of equation
vt =
(
B¯ε(x, t, v, vx)
)
x + Bε(x, t, v)
(




B¯εq(x, t, v,q) = k,i( + δv), B¯εv = k,iδq, B¯εx = .
Thus when (x, t, v,q) ∈ I ′′ × (τ,T]× [,C]×R,
μ ≤ B¯εq(x, t, v,q)≤ C, |B¯εv| ≤ C|q|,
∣∣Bε(x, t, v)
∣∣ ≤ C.
According to Chapter V, Theorem . in [], it follows that, for some α′′ = α′′ (d′′, τ ) ∈
(, ),





In addition, vε is a solution of the linear equation
vt – h¯ε(x, t)vxx + hˆε(x, t)vx = hε(x, t)
(
(x, t) ∈ I ′′ × (τ,T]
)
,
where h¯ε(x, t) = k,i( + δvε(x, t)), hˆε(x, t) = –k,iδvεx and hε(x, t) = vεf,i(uε , vε). Estimates
(.), (.) imply that, for some α′′ = α′′ (d′′, τ ) ∈ (, ),





The Schauder estimate for linear parabolic equation further yields





We next use (.) to show the uniform Hölder estimates of derivatives of uε . Let
A¯ε = A¯ε(x, t,u,p) := k,i
(
 + βu + γ vε(x, t)
)
p + k,iγuvεx(x, t),












(x, t) ∈ I ′′ × (τ,T]
)
.




 + βu + γ vε(x, t)
)
, A¯εu = k,iβp + k,iγ vεx(x, t),
A¯εx = k,iγ vεx(x, t)p + k,iγuvεxx(x, t),
then we see from (.), (.), and (.) that when (x, t,u,p) ∈ I ′′ × (τ,T]× [,C]×R,






Again by Chapter V, Theorem . in [] we see that, for some α′′ = α′′ (d′′, τ ) ∈ (, ),





Furthermore, uε is a solution of the linear equation
ut – g¯ε(x, t)uxx + gˆε(x, t)ux + g˜ε(x, t)u = gε(x, t)
(




g¯ε(x, t) := k,i
[
 + βuε(x, t) + γ vε(x, t)
]
,
gˆε(x, t) := –k,i
[
βuεx(x, t) + γ vεx(x, t)
]
,
g˜ε(x, t) := –k,iγ vεxx(x, t),
gε(x, t) := uε(x, t)f,i
(
uε(x, t), vε(x, t)
)
.
Using (.), (.), and (.) leads to




for some α′′ = α′′(d′′, τ ) ∈ (, ). Again by Schauder estimate we have





which along with (.) yields (.). 
3.4 Estimates of ‖uε1 – uε2 ,vε1 – vε2‖V2(QT )
We ﬁrst give the following uniform estimates of derivatives of uε .





L([,l]) + ‖uεt‖L(QT ) ≤ C, (.)
‖uεx‖L(QT ) + ‖uεx‖L∞,(QT ) ≤ C. (.)
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Proof Let zε = ( + βuε + γ vε)uε . Then
zεt = ( + βuε + γ vε)uεt + γuεvεt , zεx = ( + βuε + γ vε)uεx + γuεvεx, (.)











Multiplying (.) by (kε(x)zεx)x and then integrating it over Qt , from (.), (.), (.),





kε(x)zεx(x, t) dx +
∫ ∫
Qt




























+ ‖zεt‖L(QT ) ≤ C.
As in the proof of Lemma ., from (.), (.), (.), (.), and Chapter II, equation
(.) in [] we conclude that (.) and (.) hold. 
Lemma . For any ε, ε > , we have
‖uε – uε , vε – vε‖V(QT ) ≤ C(ε + ε)/. (.)
Proof Let
u¯ = uε – uε , v¯ = vε – vε , w¯ = (u¯, v¯).
Then it follows from the second equation of (.) that
v¯t –
{









= J := v¯fε (x,uε , vε ) + vε
[
fε (x,uε , vε ) – fε (x,uε , vε )
]
.
Multiplying this equation by v¯ and integrating by parts over Qt , from (.), (.), and





v¯(x, t) dx +
∫ ∫
Qt



















kε (x) – kε (x)
) + u¯ + v¯
]
dxdt,
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where ψ := |uεx| + |uεx| + |vεx| + |vεx| + . Taking ϑ = μ/, we get
∫ l










kε (x) – kε (x)
) + u¯ + v¯
]
dxdt. (.)
Similarity, we see from the ﬁrst equation of (.) that
u¯t =
{












kε (x)γuεvεx – kε (x)γuεvεx
}
x
+ u¯fε (x,uε , vε ) + uε
[
fε (x,uε , vε ) – fε (x,uε , vε )
]
.
As we have done in the derivation of (.), by a direct computation we have
∫ l













kε (x) – kε (x)
) + u¯ + v¯
]
dxdt. (.)
Combining (.) and (.) leads us to the inequality
∫ l




























 |w¯| dx}dt. In view of (.) and (.), it follows from
(.) that
dy(t)/dt ≤ C∥∥ψ(·, t)∥∥L∞(,l)y(t) +C(ε + ε)/
∥∥ψ(·, t)∥∥L∞(,l).
Moreover, Gronwall’s inequality leads to
y(t) ≤ C(ε + ε)/
∫ t








≤ C(ε + ε)/,
which along with (.) implies (.). 
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3.5 Uniform estimates of ‖uεxt,vεxt‖L2(I′×(τ ,T])
To get the regularity of the limit function of sequence {(uε , vε)}, we need to derive the
uniform estimates of ‖uεxt , vεxt‖L(I′×(τ ,T]).



















Proof Choose open intervals I ′j and positive number τj, j = , , , such that I ′ ⊂⊂ I ′ ⊂⊂
I ′ ⊂⊂ I ′ ⊂⊂ (, l) and τ < τ < τ < τ . Diﬀerentiating the second equation of (.) with



















Let λ = λ(x, t) be an arbitrary smooth function taking values in [, ] such that λ =  for
(x, t) ∈ I ′ × (τ,T], λ =  for x /∈ I ′ or t ≤ τ, and |λx| + |λt| ≤ C/d′ + C/τ for all (x, t).
Multiplying equation (.) by vεtλ and then integrating by parts over I ′ × (τ, t] for t ∈























+ vεtλλt – kε(x)
[




















Choosing ϑ = μ/, we have
∫
I′

















As in the proof of Lemma ., employing Gronwall’s inequality and (.), from this in-
equality we get (.) and the uniform estimate of ‖vεt‖V(I′×(τ,T]). Chapter II, equation






Based on (.) and (.), we next show that (.) holds. Let ξ = ξ (x, t) be a smooth
function with values between  and  such that ξ =  for (x, t) ∈ I ′ × (τ,T], ξ =  for x /∈ I ′
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or t ≤ τ, and |ξx|+ |ξt| ≤ C/d′+C/τ for all (x, t). Similarly, diﬀerentiating the ﬁrst equation
of (.) with respect to t, multiplying the resulting equation by uεtξ  and integrating it over




































































Setting ϑ = μ/ and using (.), (.), (.), and (.), we have
∫
I′



















Again by Gronwall’s inequality we obtain (.). 
4 The proof of Theorem 2.1
To prove Theorem ., let us discuss the behavior of vector sequence {(uε , vε)} governed
by (.) as ε → .
Lemma . The sequences {uε} and {vε} converge to nonnegative bounded functions u
and v in V(QT ), respectively. Moreover, (u, v) possesses property (i) in Deﬁnition ., and
satisﬁes pointwise the equations in (.) on Q(i)T (i = , ) and the initial conditions on



























Proof We see from estimate (.) that there exist functions u, v ∈ V(QT ) such that
uε → u, vε → v in V(QT ), (.)
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and from (.), (.) that there exist subsequences (hereafter we retain the same notations
for them) {uε}, {vε}, such that
uεt ⇀ ut , vεt ⇀ vt weakly in L(QT ). (.)
In addition, it follows from (.), (.), (.), and the Arzela-Ascoli theorem that, for any
given open interval I ′ ⊂⊂ (, l), there exist subsequences {uε}, {vε}, such that {uε}, {vε}
converge to u, v in C(I¯ ′ × [,T]), respectively, and from (.) that, for any given i ∈ {, },
I ′′ ⊂⊂Q(i)T and τ ∈ (,T), there exist subsequences {uε}, {vε}, such that {uε}, {vε} converge
to u, v in C,(I¯ ′′ × [τ ,T]), respectively. Then u, v are in W , (QT ) ∩ Cα′ (I¯ ′ × [,T]) ∩
C,(Q(i)T )∩C+α′′ ,+α′′/(I¯ ′′ × [τ ,T]). Furthermore, (.) implies that (u, v) satisﬁes pointwise
the equations in (.) on Q(i)T (i = , ) and the initial conditions on {(x, t) : x ∈ (, l), t = }.
By (.), (.), (.), and (.) we have







∥∥ux(·, t), vx(·, t)
∥∥
L(,l), ‖ut , vt‖L(QT ) ≤ C. (.)
For any η ∈ W , (QT ), multiply the equations in (.) by η and then integrate by parts



























vεfε(x,uε , vε)ηdxdt. (.)
We next investigate the limit of each term in (.), (.). It follows from (.), (.), and
(.) that
∥∥uεfε(x,uε , vε) – uf(x,u, v)
∥∥
L(QT )
≤ C‖uε – u‖L(QT ) +C
∥∥fε(x,uε , vε) – f(x,u, v)
∥∥
L(QT )
≤ C[‖uε – u‖L(QT ) +




















∥kε(x)( + βuε + γ vε) – k(x)( + βu + γ v)
∥∥
L(,l)
≤ C∥∥kε(x) – k(x)
∥∥
L(l,l+ε)
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+C sup
t∈[,T]
[∥∥uε(·, t) – u(·, t)
∥∥
L(,l) +





Furthermore, (.) and (.) yield
∫ ∫
QT
















∥∥kε( + βuε + γ vε)uεx – k( + βu + γ v)ux
∥∥
L(QT )





+C‖uεx – ux‖L(QT )
→ . (.)
Similar arguments show that
vεfε(x,uε , vε)→ vf(x,u, v), γuεvεx → γuvx in L(QT ), (.)
kε(x)( + δvε)vεx → k(x)( + δv)vx in L(QT ). (.)
Letting ε →  and using (.) and (.)-(.), we ﬁnd from (.), (.) that the integral
identities (.), (.) hold. 
We next investigate the regularity of (u, v) in the neighborhood of inner boundary T .
Lemma. For any I ′ ⊂⊂ (, l) and τ ∈ (,T), vt ∈ Cα¯′ (I¯ ′ × [τ ,T]) and vx ∈ Cα¯′ ((I¯ ′ ∩ I¯(i))×
[τ ,T]) (i = , ) for some α¯′ = α¯′(d′, τ ) ∈ (, ).
Proof It follows from (.), (.), (.), and (.) that there exist subsequences {uε}, {vε},
such that
uεxt ⇀ uxt , vεxt ⇀ vxt weakly in L
(




∥∥ut(·, t), vt(·, t)
∥∥





Let B˜ := B˜(x, t,w,q) = k(x)( + δw)q, Bˆ := Bˆ(x, t,w) = –wf(x,u(x, t),w). Then v(x, t) is a
generalized solution of the single equation wt – (B˜(x, t,w,wx))x + Bˆ(x, t,w) =  in the sense
Tan et al. Boundary Value Problems  (2016) 2016:128 Page 16 of 20
of Deﬁnition . in []. We ﬁnd that when (x, t,w,q) ∈ (I ′ ∩ I(i))× (τ ,T]× [,C]×R,
∂B˜

























Hence when (x, t,w,q) ∈ (I ′ ∩ I(i))× (τ ,T]× [,C]×R,
∣∣B˜(x, t,w,q)
∣∣ ≤ C( + |q|), μ ≤ B˜q ≤ C, |B˜w| ≤ C|q|,
∣∣Bˆ(x, t,w)
∣∣ + |Bˆw| ≤ C, |Bˆx| ≤ Cψ(x, t), |Bˆt| ≤ Cψ(x, t),










According to Theorem . in [], there exists α¯′ = α¯′(d′, τ ) ∈ (, ) such that





Note that v ∈ Cα′ (I¯ ′ × [,T]) and (k,i( + δv)vx)x = vt – vf,i(u, v) on Q(i)T . We see that
(k,i( + δv)vx)x ∈ Cα¯′ ((I¯ ′ ∩ I¯(i)) × [τ ,T]), and k,i( + δv)vx ∈ C+α¯′,α¯′ ((I¯ ′ ∩ I¯(i)) × [τ ,T])
for some α¯′ ∈ (, ). Thus vx ∈ Cα¯′ ((I¯ ′ ∩ I¯(i)) × [τ ,T]). Since (k,i( + δv)vx)x = k,i( +
δv)vxx + k,iδvx on Q
(i)
T ,





This completes the proof of Lemma .. 
Lemma . For any I ′ ⊂⊂ (, l) and τ ∈ (,T), ut ∈ Cα˜′ (I¯ ′ × [τ ,T]) and ux ∈ Cα˜′ ((I¯ ′ ∩
I¯(i)) × [τ ,T]) (i = , ) for some α˜′ = α˜′(d′, τ ) ∈ (, ). Furthermore, (u, v) satisﬁes point-
wise the inner boundary conditions in (.) on T , and satisﬁes the homogeneous Neumann
boundary conditions on ST for almost all t ∈ [,T].
Proof To investigate the regularity of u, we need to estimate supt∈[τ ,T] ‖vxt(·, t)‖L(I′).
Choose open intervals I ′, I ′, I ′ and positive numbers τ, τ, τ, such that I ′ ⊂⊂ I ′ ⊂⊂
I ′ ⊂⊂ I ′ ⊂⊂ (, l) and τ < τ < τ < τ . According to Lemma ., (u, v) satisﬁes pointwise
the equations in (.) on Q(i)T (i = , ). Furthermore, from (.) in Lemma . and the reg-
ularity of v in Lemma . we conclude that v satisﬁes pointwise the inner boundary con-
dition [k(x)(( + δv)v)x]–(l, t) = [k(x)(( + δv)v)x]+(l, t) for t ∈ (,T].
Let w = ( + δv)v, w(t) := (w(x, t +t) –w(x, t))/t. Then
{
wt = ( + δv)vt = ( + δv)(k(x)wx)x + ( + δv)vf(x,u, v),
wx = ( + δv)vx, wxt = ( + δv)vxt + δvxvt ,
(.)





–wt(t) + {( + δv)(k(x)wx)x}(t) = –{( + δv)vf(x,u, v)}(t)
((x, t) ∈Q(i)T ), i = , ,
w–(t)(l, t) = w+(t)(l, t) (t ∈ (,T]),
[(k(x)wx)(t)]–(l, t) = [(k(x)wx)(t)]+(l, t) (t ∈ (,T]).
(.)
Let ξ = ξ (x, t) be a smooth function taking values between  and  such that ξ (x, t) =  for
(x, t) ∈ I ′ × (τ,T], ξ =  for x /∈ I ′ or t ≤ τ, and |ξx| + |ξt| ≤ C(d′, τ ) for all (x, t). Since
vεxt = vεtx, then vxt = vtx and wxt = wtx on I ′ × (τ,T]. Multiplying the equations in (.)



























































































[wx(t) +v(t)(k(x)wx)x +u(t) +v(t)] dxdt. Moreover, it follows from the equa-














 dxdt +CJ, (.)















dxdt ≤ C(d′, τ). (.)
Choosing ϑ, ϑ, such that ϑ +C∗ϑ = /, we ﬁnd from (.)-(.) that
∫
I′
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≤ C(d′, τ). (.)
We next use (.) to prove that u possesses property (ii) in Deﬁnition .. It is obvious
that u(x, t) is a generalized solution of the single equation zt – (A˜(x, t, z, zx))x + Aˇ(x, t, z) = 
in the sense of Deﬁnition . in [], where
A˜ = A˜(x, t, z,p) := k(x)
(
 + βz + v(x, t)
)
p + k(x)zvx(x, t),
Aˇ = Aˇ(x, t, z) := –zf
(
x, z, v(x, t)
)
.
From (.) and (.) it follows that when (x, t, z,p) ∈ (I ′ ∩ I(i))× (τ,T]× [,C]×R,
∣∣A˜(x, t, z,p)










|A˜t| ≤ C|p| +Cφ,
∣∣Aˇ(x, t, z)












Consequently, the conditions of Theorem . in [] are fulﬁlled. Then Theorem . in []
shows that
‖ut‖Cα˜′ (I¯′×[τ,T]) ≤ C(d, τ ). (.)
Since [k,i(( + βu + γ v)u)x]x = uf,i(u, v) – ut on (I ′ ∩ I(i)) × (τ,T], then by (.) we
get [k,i(( + βu + γ v)u)x]x ∈ Cα˜′ ((I¯ ′ ∩ I¯(i)) × [τ,T]). Thus ( + βu + γ v)ux + γuvx ∈
C+α˜′,α˜′ ((I¯ ′ ∩ I¯(i))× [τ ,T]). In view of u, v ∈ Cα′ (I¯ ′ × [,T]) and vx ∈ Cα¯′ ((I¯ ′ ∩ I¯(i))× [τ ,T]),
we have ux ∈ Cα˜′ ((I¯ ′ ∩ I¯(i)) × [τ ,T]). Since (u, v) satisﬁes pointwise the equations in (.)
on Q(i)T (i = , ), then we further use integral identities (.), (.), the regularity of (u, v)
in the neighborhood of T and the compatibility conditions in (.) to conclude that (u, v)
satisﬁes pointwise the inner boundary conditions in (.) on T , and it satisﬁes homoge-
neous Neumann boundary conditions on ST for almost all t (see Chapter III, Section 
in []). 
From Lemmas .-. we see that problem (.) has at least one solution.
Lemma . The solution of problem (.) is unique.
Proof Suppose that (u, v), (u, v) are solutions of (.). Let
u˜ = u – u, v˜ = v – v, w˜ = (u˜, v˜).
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v˜(x, t) dx +
∫ ∫
Qt





–δk(x)vxv˜v˜x + v˜f(x,u, v)
+ v
[





Using Cauchy’s inequality we get
∫ l

v˜(x, t) dx +
∫ ∫
Qt








where ψ¯ :=  + |ux| + |ux| + |vx| + |vx|.






u˜(x, t) dx +
∫ ∫
Qt





k(x)(βu˜ + γ v˜)
]







u˜f(x,u, v) + u
[
f(x,u, v) – f(x,u, v)
]}
u˜dxdt,
which, together with Cauchy’s inequality, implies that
∫ l

u˜(x, t) dx +
∫ ∫
Qt











Furthermore, (.), (.) yield
∫ l

|w˜|(x, t) dx +
∫ ∫
Qt









Again by using Gronwall’s inequality we deduce that w˜ = . Then the solution of (.) is
unique. 
By Lemmas .-. we complete the proof of Theorem ..
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